Abstract. By using the Ringel-Hall algebra approach, we investigate the structure of the Lie algebra L(Λ) generated by indecomposable constructible sets in the varieties of modules for any finite dimensional Calgebra Λ. We obtain a geometric realization of the universal enveloping algebra R(Λ) of L(Λ). This generalizes the main result of Riedtmann in [19] . We also obtain Green's theorem in [6] in a geometric form for any finite dimensional C-algebra Λ and use it to give the comultiplication formula in R(Λ).
Introduction
Let us recall a result of Riedtmann in [19] . Let Λ be a finite dimensional associative C-algebra with unit element. If Λ is of finite representation type, let J be a set of representatives for the isomorphism classes of indecomposable Λ-modules. Then P = { A∈J A µ(A) : µ(A) ∈ N} is a set of representatives for the isomorphism classes of all Λ-modules. Let R(Λ) be the free Z-module on the basis {u A , A ∈ P}. Define the multiplication of two basis vectors by (see Section 2 in [19] ) V (A, B; X) = {0 ⊆ Z ⊆ X : Z ∈ modΛ, Z ∼ = A, X/Z ∼ = B} This is a geometric version of Ringel-Hall algebras (see [20] ) by considering the Euler-Poincaré characteristic of the filtration varieties to replace the filtration numbers over a finite field (see also [12] and [24] ). Then R(Λ) is an associative Z-algebra with unit element. The Z-submodule L(Λ) = A∈J Zu A of R(Λ) is a Lie subalgebra with bracket [x, y] = x • y − y • x (we will simply write xy for x • y in the below). She proved the following result by a gradation method.
For any numbering J = {A 1 , · · · , A n }, the universal enveloping algebra U (Λ) of L(Λ), is freely generated as a Z-module by the classes of the words 1 · · · A λn n , (λ 1 , · · · , λ n ∈ N). It is isomorphic to the subalgebra R(Λ) ′ of R(Λ) generated by {u A : A ∈ J }, which is the free Z-module generated by the elements ( We note that a similar property for Ringel-Hall algebras H(Λ) has been obtained by Guo and Peng in [8] for any finite dimensional algebra Λ over a finite field.
In this paper we extend Riedtmann's result. Let R(Λ) be the Z-module generated by the characteristic functions of constructible sets of stratified Krull-Schmidt (see Section 3.2 for the definition) and L(Λ) be the Zsubmodule of R(Λ) generated by the characteristic functions of indecomposable constructible sets (see Section 3.2 for the definition). Our main result (Theorem 4.2) provides, R(Λ) can be realized as the enveloping algebra of L(Λ), from which Riedtmann's result can be deduced by replacing orbits of modules by constructible sets.
Moreover, we propose a 'degenerate form' (Theorem 5.7) and an extended version (Remark 5.8) of Green's theorem on Hall algebras ( [6] , see also [22] ). The extended version holds for any finite dimensional associative algebra (not only hereditary algebra). We note that there is an analog of Green's theorem which was given by Lusztig ( [13] ).
The paper is organized as follows. In Section 2 we recall the basic knowledge about varieties of modules and constructible functions. In Section 3 we give the definitions of R(Λ) and L(Λ) for any finite dimension algebra Λ over C which can be viewed as an extension of Section 2.3 in [19] . Following this, we study the relation between R(Λ) and L(Λ) in Section 4. In particular, Theorem 4.2 is Riedtmann's result when considering representation-finite case. In Section 5, we give a formula in Theorem 5.7 which can be viewed as a variant of Green's formula. In Section 6, we prove that this formula induces the comultiplication of R(Λ) as a Hopf algebra.
Finally, we note that there is a similar result in [10] in the context of constructible functions on stacks. The author use quite different methods. It is interesting to consider analogues of constructible subsets of stratified Krull-Schmidt for stacks.
Basic Concepts
In this section, we will fix notations and recall some elementary concepts in algebraic geometry.
The set of all n-tuples with each coordinate element in the field C is called an n-dimensional affine space over C. Each closed set (with induced topology) of an affine space is called an affine algebraic variety. A point x of an affine variety X is smooth if the dimension of the tangent space of X at x is equal to the dimension of X at x, denoted by dimT X,x = dim x X. Let ϕ : X −→ Y be a dominating (i.e ϕ(X) is Zariski-dense in Y ) regular map, if x ∈ X and y = ϕ(x) ∈ Y is a smooth point, then we say that ϕ is smooth at x if x is a smooth point of X and dϕ maps T x,X onto T y,Y . Let X Let Λ be a finite dimensional C-algebra. By a result of P.Gabriel in [7] , the algebra Λ is given by a quiver Q with relations R (up to Morita equivalence). Let Q = (Q 0 , Q 1 , s, t) be a quiver, where Q 0 and Q 1 are the sets of vertices and arrows respectively, and s, t : Q 1 → Q 0 are maps such that any arrow α starts at s(α) and terminates at t(α). There are only finitely many simple Λ-modules S 1 , · · · , S n , up to isomorphism. The index set for simple modules is denoted by I (we may identify I = Q 0 ). For any Λ-module M , we denote by dimM the vector in NI whose i-th component is the multiplicity of S i in any composition series of M for i = 1, · · · , n. It is called the dimension vector of M . For any dimension vector d = i a i i ∈ NI, we consider the affine space over C
, where λ i ∈ C and p i are paths of length at least two with s(
where J is the admissible ideal generated by R. We consider the algebraic group:
There is a natural bijection between the set M(Λ, C d ) of isomorphism classes of C-representations of Λ whose underlying space is C d and the set of orbits of
In the following, the constructible sets and functions will always be assumed G d -invariant. For fixed Q, R and d, we simply write
Let O and O ′ be constructible subsets in E d (Q, R) and E d ′ (Q, R) respectively, we define
We denote by nO the n copies of direct sum of O. Since
is an algebraic map and also surjective, and the image of a constructible set is constructible, we have that for any constructible subsets
, that is to say, the direct sum of constructible sets is a constructible set.
Let O 1 , · · · , O r be constructible sets and M be a Λ-module, we define the set:
Let χ denote Euler characteristic in compactly-supported cohomology. Let X be an algebraic variety and O a constructible subset of X as the disjoint union of finitely many locally closed subsets
We will use the following properties: Proposition 2.2 ( [19] , [9] ). Let X, Y be algebraic varieties over C. Then (1) If an algebraic variety X is the disjoint union of finitely many constructible sets X 1 , · · · , X r , then 
We recall pushforward functor from the category of algebraic varieties over C and the category of Q-vector spaces ( see [15] and [9] ).
Let φ : X → Y be a morphism of varieties. For f ∈ M (X) and y ∈ Y, define
, [9] ). Let X, Y and Z be algebraic varieties over C, φ : X → Y and ψ : Y → Z be morphisms of varieties, and f ∈ M (X). Then
In order to deal with orbit spaces, we also need to consider the geometric quotients. 
The following result due to Rosenlicht [23] is essential to us. By this Lemma, we can construct a finite stratification over X. Let U 1 be an open and dense G-stable subset of X as in Lemma 2.5. Then dim C (X − U 1 ) < dim C X. We can use the above lemma again, there exists a dense open G-stable subset U 2 of X − U 1 which has a geometric Gquotient. Inductively, we get the finite stratification X = ∪ l i=1 U i which U i is G-invariant locally closed subset and has a geometric quotient, l ≤ dim C X. We denote by φ U i the geometric quotient map on U i . Define the quasi EulerPoincaré characteristic of X/G by
Hence, χ(X/G) is well-defined (see [26] ). Similarly, we obtain χ(O/G) :
We also introduce the following notation. Let f be a constructible function over a variety X, it is natural to define
Comparing with Proposition 2.2, we also have
Proposition 2.6 ([26]). Let X, Y be algebraic varieties over C under the actions of the algebraic groups G and H respectively. Then (1) If an algebraic variety X is the disjoint union of finitely many
G- invariant constructible sets X 1 , · · · , X r , then χ(X/G) = r i=1 χ(X i /G) (2) If ϕ : X −→ Y is a morphism induces the quotient map φ : X/G → Y /
H with the property that all fibers for φ have the same Euler
Moreover, if there exists an action of algebraic group G on X as in Definition 2.4, and f is G-invariant constructible function over X, We define
and L be a constructible subset of E d 1 +d 2 (need not be invariant under the group action). Similar to V (O 1 , O 2 ; M ), we define:
There exists a natural morphism of varieties:
As usual for an algebraic variety V and a constructible function f on V, we define V f = c∈C χ(f −1 (c))c. Define 1 0 be the characteristic function satisfying 1 0 (X) = 1 if X ∼ = 0 and 1 0 (X) = 0 otherwise. Similar as in [19] (see also Section 2 in [14] ), we can prove that: 
Furthermore, we have
A constructible set is called indecomposable if all points in it correspond
to indecomposable Λ-modules( [26] ). Let O be a constructible set. If it has the form: 
where˙ are disjoint unions.
Proof. For any submodule L 1 with dimension vector d 1 of L, by the knowledge of linear algebra, there exist unique (
In fact, it induces a morphism of varieties (see also Lemma 5.5)
For any constructible subsets O 1 and O 2 of E d 1 and E d 2 , respectively, we consider the morphism:
where
is the geometric quotient for any i, and
} is a finite set. Using Proposition 2.6 for the composition of morphisms π 2 π 1 , there exists a partition
Hence, there exists some χ i = 0. Thus we completed our proof. 
However according to Krull-Schmidt theorem: Lemma 3.4 , we have
where P i are indecomposable constructible sets and
According to Lemma 3.4 and Lemma 2.2 in [19] , for indecomposable con-
Suppose that the proposition is true for k = n, then for k = n + 1, we have 1
Our aim is to show the initial monomial of 1
Consider any numbering {A, B, · · · , L} in O which are not isomorphic to each other, and natural numbers a, b,
By the sum of the above equalities, we obtain that
Thus we finished the proof. 
and the initial term of 
where Q i are constructible sets of stratified Krull-Schmidt.
Proof. As we know,
This induces the action of C * on V (X i , Y i ; L i ) whose fixed point is filtration as follows:
The fixed point set is not empty just because V (X i , Y i ; L i ) has the same EulerPoincaré characteristic as its fixed point set under the action of C * and we have assumed that χ(V (X i , Y i ; L i ))) = 0. We have the following exact sequence:
This means all indecomposable direct summands of L i are the extension of direct summands of X i and Y i .
Without loss of generality, we may assume that
with the property that each P i is indecomposable and P i ∩P j = ∅ or P i = P j for all i = j, and m i , n j equal 0 or 1 for all i and j. We call
Obviously the number of all partitions of {1, 2, · · · , t} is finite. For any two s-partitions
These are constructible sets, and by Corollary 3.7, are of Krull-Schmidt. According to our analysis of C * action, we see that
The proof is finished.
Theorem 3.9. The Z-module R(Λ) under the convolution multiplication • is an associative Z-algebra with unit element.
3.3
Define the Z-submodule Proof. We need to verify that L(Λ) is closed under the Lie bracket. If
According to Subsection 3.2, we may assume that O 1 ∩O 2 = ∅. By Remark 3.5 we have
Note that 1 E d (Q,R) always lies in R(Λ), by the following lemma. 
It is a locally closed subset. Then it is easy to see that, by Krull-Schmidt theorem,
The union is a disjoint union and runs over all Krull-Schmidt vectors of d. The proof is finished. 2
The Universal Enveloping Algebra of L(Λ)
We consider the following tensor algebra over Z :
is an associative Z-algebra using the tensor as multiplication. Let J be the two-sided ideal of T (L(Λ)) generated by
where O 1 , O 2 are any indecomposable constructible sets and [−, −] is Lie bracket in L(Λ). Then U (Λ) = T (L(Λ))/J is the universal enveloping algebra of L(Λ) over Z. To avoid confusion, we write the multiplication in U (Λ) as * and the multiplication in R(Λ) as •. We have the canonical homomorphism ϕ :
Proof. We arbitrarily choose indecomposable constructible sets O 1 , · · · , O n such that they are disjoint to each other.
On , λ i ≥ 0, for i = 1, · · · , n and λ w ∈ Z} and let R(Λ) O 1 ···On be the subalgebra of R(Λ) generated by 1 λ 1 O 1 ⊕···⊕λnOn for all λ i ≥ 0, i = 1, · · · , n. Then we have the restriction map
We will prove that ϕ | U (Λ) O 1 ···On is an embedding. Set
for any m ∈ N. By the PBW theorem, we know that
is a free Z-module with the basis
It is known that, by Krull-Schmidt theorem,
By Corollary 3.7 the induced map of φ
is an embedding for all m ∈ N. By a usual method of filtrated ring, we see that
is an embedding. It follows from the arbitrary choice of O 1 , · · · , O n that ϕ : U (Λ) → R(Λ) is an embedding.
We define the subalgebra R ′ (Λ) of R(Λ) to be generated by the elements λ 1 ! · · · λ n !1 λ 1 O 1 ⊕···⊕λnOn , where λ i ∈ N for i = 1, · · · , n and O i , i = 1, · · · , n, are indecomposable constructible sets and disjoint to each other.
Theorem 4.2. The canonical embedding
Proof. By Corollary 3.7,
where m = n i=1 λ i , c P j ∈ Z and we may assume that
t are indecomposable constructible sets and disjoint to each other. By Lemma 2.2 in [19] we know that c P j can be divided by 
Moreover we take the I-graded space V such that dimV = dimX + dimY − dimM. A Λ-module structure on V is (V, σ) where σ : Λ → End C V is an algebra homomorphism. We define Proof. If γ = 0, by the same discussion as in [22] we can prove F(f ) = ∅. 
If f factors through L, we call γ = 0 induced by L. C (B, A) ). There is a natural morphism of varieties (see [19] ) π : Z(B, A) → Ext 1 Λ (B, A). For δ ∈ Z(B, A), π(δ) is the class of the following exact sequence in Ext 1 Λ (B, A):
The description of Ext
where (A ⊕ B) δ is the C-vector space A ⊕ B together with the algebra homomorphism Λ → End C (A ⊕ B) which sends λ to
Any fibre of π is homeomorphic to T (B, A). Hence, if we set
There exists a free action of C * on Z(B, A) X by t · δ = tδ for t ∈ C * , whose orbit space is a constructible subset of projective space. So χ (Z(B, A) where χ(f −1 (m)) is defined in Section 2.
Let P be the set of isomorphism classes of Λ-module and V α be a representative in α for α ∈ P. The dimension vector of V α is denoted by α.
Lemma 5.4. Given the following commutative diagram with exact rows and columns:
T
and q T , q S are canonical projections. We define the pushout
and the pullback
Then there exists the following exact sequence:
Proof. See Section 6 in [22] . 
consists of all matrices of rank r. For any A = (a ij ) ∈ M d ′ ×d (r), let us denote the r × r submatrix of A formed by the rows 1
for any I ′ < I or I ′ = I, J ′ < J and det △ (i 1 ,··· ,ir;j 1 ,··· ,jr) (A) = 0. Here I ′ < I is the common lexicographic order. We have a finite stratification of M d ′ ×d (r), i.e.,
In particular, if d < d ′ and r = d, this gives a finite stratification of the
, J) consisting of the matrices A satisfying that △ (I;J) (A) are identity matrices. Then there is a finite stratification
For any A ∈ M d ′ ×d (d, I, J), we substitute the identity matrix for the submatrix △ (I;J) (A) and then A corresponds to a unqiue matrix A ′ ∈ M g d ′ ×d (I). For every pair of multi-indices I = {i 1 , · · · , i r } and J = {j 1 , · · · , j r }, we will define the following morphism of varieties:
and Ω 2 (r,I,J) :
Let P ij (k) be the elementary matrix of size k × k transposing the i-th row and the j-th row. Set
Then we have
with an invertible r × r matrix A 1 and
determines the solution space 
We can replace the vector spaces by Λ-modules. The discussion is similar. It gives a intrinsic description of kernel and cokernel. We have the following lemma.
Lemma 5.5. Let X ∈ E d 1 (Λ) and Y ∈ E d 2 (Λ). Then there are the following maps whose restrictions to the strata are morphisms of varieties
Gr e (X) and G :
e Gr e (X) →
where the first morphism is taking the kernel and the second morphism is the substitution of underlying space. Dually, there exists a map whose restriction to the strata are morphisms of varieties
defined by taking cokernel.
Given Λ-modules A, B, A ′ , B ′ and L, we define Q(L) to be the set of all quadruples (a, b, a ′ , b ′ ) which satisfy the following diagrams
where both rows and columns are short exact sequences.
Define O(L) to be the set of all octets (S, T, e 1 , e 2 , e 3 , e 4 , c, d) which satisfy the following diagram 
Then, there exists an exact sequence: 
Also, we consider the morphisms
Hence, we define ξ((S, T, e 1 , e 2 , e 3 , e 4 , c, d
By Lemma 5.5, ξ is a morphism of varieties. Now we have the following proposition which can be viewed as the geometrization of the bijections in [6] and [22] . Our main theorem is the following formula which can be viewed as the degenerated form of Green's formula.
Proof. It is enough to prove that for fixed Λ-modules V α , V β , V α ′ , V β ′ , the following identity holds
There is a natural embedding morphism:
Consider the action of C * on V (V β , V α ; V α ′ ⊕ V β ′ ) as in the proof of Proposition 3.8. Its fixed point set is just Imi. The proof of the above identity follows from the fact that V (V β , V α ; V α ′ ⊕ V β ′ ) has the same Euler characteristic as its fixed point set under the action of C * . 
which extends Green's formula (see [6] and [22] [22] and [25] ).
Then the above extended form of Green's formula can be rewritten as 
As Lemma 5.2, we know h
α ′ β ′ λ ≡ 0 mod(q − 1) unless λ = α ′ ⊕ β ′ . Hence, the above reformulation implies g α ′ ⊕β ′ αβ ≡ ρ,σ,σ ′ ,τ ;ρ⊕σ=α,σ ′ ⊕τ =β g β ′ στ g α ′ ρσ ′ mod(q − 1).
Comultiplications over Universal Enveloping Algebras
As we know, R(Λ) ⊗ Z Q can be viewed as the universal enveloping algebra of L(Λ) ⊗ Z Q. On the other hand, there is a unique comultiplication over the universal enveloping algebra. We can realize this comultiplication in our geometric frame of R ′ (Λ) ( ∼ = U (Λ)). Let δ : R ′ (Λ) −→ R ′ (Λ) ⊗ Z R ′ (Λ) be given by δ(λ 1 ! · · · λ n !1 O λ )(A, B) = χ(Ext Proof. We only need to consider the constructible set of Krull-Schmidt. Let O λ = λ 1 O 1 ⊕ · · · ⊕ λ n O n be the Krull-Schmidt decomposition for the constructible set O λ ⊆ E d (Q, R) and we assume more that O i , 1 ≤ i ≤ n, are disjoint to each other. Then λ 1 ! · · · λ n !1 λ 1 O 1 ⊕···⊕λnOn ∈ R ′ (Λ).
For a G λ -invariant constructible subset O λ ⊆ E λ (Λ), we consider the following set given by ξ(x ⊗ y ⊗ z ⊗ w) = x ⊗ z ⊗ y ⊗ w. We need to show this diagram commutes. For 1 O 1 ⊗ 1 O 2 ∈ R(Λ) ⊗ R(Λ), using Lemma 5.2, we have
Therefore, by Theorem 5.7, we have
We complete the proof of this theorem.
